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Abstract
Motivated by the concept of shape invariance in supersymmetric quantum mechan-
ics, we obtain potentials whose spectrum consists of two shifted sets of equally spaced
energy levels. These potentials are similar to the Calogero-Sutherland model except
the singular term x
 2






and there is a
-function singularity at x = 0.
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It is well-known that a set of equally spaced energy eigenvalues corresponds to a particle
moving in a harmonic oscillator potential. More specically, in units of h = 2m = 1, the
set of energy levels
E
n
= n! (n = 0; 1; 2; :::) (1)











! ( 1 < x <1) : (2)
However, if the particle is not allowed to move along the entire x-axis and is constrained to
























These potentials are not unique. It is well-known that they can be systematically deformed
to produce multi-parameter isospectral families either via inverse scattering methods [1] or
using supersymmetric quantum mechanics techniques [2].
Now, instead of a single set of equally spaced eigenvalues, let us make an innocuous
extension and ask for potentials which possess two shifted sets of equally spaced eigenvalues.










with n = 0; 1; 2;   . Clearly,




), with one set displaced by
!
0
with respect to the other set [see Fig. 1]. To our knowledge, potentials which possess the
spectrum of Fig. 1 have not been discussed in the literature. We will obtain simple, explicit
potentials using an approach motivated by recent developments [3, 4] in obtaining new
shape invariant potentials [5] in supersymmetric quantum mechanics [2, 6]. These advances












. The resulting shape invariant potentials are found to be singular
but analytically solvable and will have a spectrum consisting of two shifted sets of equally
spaced energy levels. Other potentials with the same spectrum can be readily obtained by
making isospectral deformations [2, 7], but this aspect will not be further developed here.
We discuss applications to multiparticle problems [8, 9]. In particular, we nd that there
exist new eigenstates interlaced between the usual equally spaced Calogero spectrum of











bound states with singular but normalizable wave functions.
Shape Invariant Potentials:




) are related to the super-


















is a set of parameters. These partner potentials are shape invariant if they both




) and an additive
constant R(a
0
































The property of shape invariance permits an immediate analytic determination of energy
eigenvalues [5], eigenfunctions [10] and scattering matrices [11]. For unbroken supersymme-















































) (n = 1; 2; 3; :::) : (7)
Note the existence of a zero energy ground state, characteristic of unbroken supersymmetry.
Change of Parameters:
Until 1992, the only known solutions of the shape invariance condition corresponded to


































was studied and shown to produce new classes of shape invariant potentials [3, 4], which
included self-similar potentials [12] as a special case. The above mentioned change of param-
eters are shown in Fig. 2. In general, the changes are monotonic, and the parameters never
acquire the same values again. The only exceptions are the special cases  = 0 and q = 1,












. For this situation,








). If one denotes the constant
value of R(a
0





This gives W (x; a
0

























=    :






















corresponds to two shifted sets of equally spaced eigenvalues.
Single Particle Potentials:
To explicitly compute the potentials associated with two shifted sets of equally spaced







































The solution is readily obtained by straightforward manipulations. The superpotential
W (x; a
0






























































The above results are correct everywhere except at the point x = 0, where the superpo-
tential W (x; a
0
) has an innite discontinuity. Such a discontinuity is not acceptable, since
4
while writing eqs. (4) to (8), we have implicitly assumed the existence of a continuous
superpotential with a well-dened derivative giving rise to unbroken supersymmetry and a





; ) which reduces to W (x; a
0




; ) =W (x; a
0
) f(x; ) (11)
where





The moderating factor f provides a smooth interpolation through the discontinuity, since














































; ) : (13)
















)  4 W (x; a
0
) [2(x)  1] (x) ; (14)




















) has an an additional singularity at
















[2(x)  1] (x). Under scaling this






(x) (  0). The sign of this singularity depends

















. An example of a superpotential for this case is shown in Fig. 3(a). The
corresponding potential is drawn in Fig. 1(a), along with a few low lying energy levels. Note
the sharp attractive shape of the potential near x = 0. In the limit  ! 0, this attractive







. An example of a superpotential for this case is shown in Fig. 3(b). Again,
proceeding as in case 1, one gets a repulsive singularity in the potential at the origin. This
is shown in Fig. 1(b).
Naively, in the limit  ! 0, the potential of eq. (10) appears identical to a three







and angular momentum l given by
5
















. However, there are some subtle but important dierences. It
is dened over the entire real axis ( 1 < x < 1) and not just the half line, and a very
interesting feature of this potential is the inevitable \softness" of the inverse square term.











; thus the potential falls exactly in what is known as the transition












) one has  
1
4
< l(l + 1) < 0. The important special case of the one




: it corresponds to l(l + 1) = 0 and no x
 2
singularity. For transition potentials, both solutions of the Schrodinger equation are square
integrable at the origin. If one seeks eigenstates in a semi-innite domain (0  x <1), one
just keeps the less \singular" solution of the two[13, 14, 15]. However, for a fully innite
domain ( 1 < x < 1) with a soft singularity at the origin, both are acceptable square
integrable solutions of the Schrodinger equation, and must be retained to form a complete



























































































































































































state is nite at the origin and is just the standard Gaussian solution of a one dimensional























)=2 xed.  is the
coecient of the singular term in eq. (10). 2! is the equal energy spacing in the two sets of























































































are the standard Laguerre polynomials.
Two Particle Case:













) of eq. (14),











) and the additional -function singularity. The
Calogero part [eq. (10)] has been extensively discussed in the context of solvable many
body problems in one dimension [8]. However, as we mentioned earlier, if the coecient






, the \softness" of
the singularity permits the penetration of particles through the barrier at the origin. For
the two particle case this means that particles are able to interchange their positions by
passing through each other. This leads to the appearance of additional eigenstates that are
absent for a potential with a hard singularity ( >
3
4
), where only those wave functions
that vanish at the origin are allowed. As a consequence of this \tunneling", eigenstates


















































































































 (x) = E (x): (18)
The domain of x is the entire real line. Thus, as discussed earlier for the single particle
case, both solutions of the Schrodinger equation are necessary to generate a complete set
of eigenstates on the full line. Now with the identication !
0
= 2a! and !
1






1 + 4, eq. (18) reduces essentially to eq. (3). From eq. (16), the energy





= 2n! + 2a! :
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Three Particle Case:


























































 = E ; (19)
where the singular function 
 (x) is given by 
 (x) =  
4b[2(x) 1]
x
(x), where b is dened by




















































































3 y + x
2
!)
 = E :
Variables x and y span a two dimensional congurational plane. We parametrize this plane










. The range of these new variables are






























































 = E ;





































). Substituting  (r; ) = R(r)f(), and then using the usual
















































































The radial equation is same as that of a three dimensional oscillator. Its eigenfunctions and








































are Laguerre polynomials. To determine energy eigenvalues E
n
, we still have to
























































where once again we have used the scaling property of the singular function 
. Since the
eective potential of eq. (26) is periodic with a period =3, we only need to obtain a
solution in the domain 0 <  <

3
. Using even and oddness of eigenfunctions, solutions can































The new domain is 0   < . The major role played by the 
-singularity at the origin
is to properly describe the discontinuity suered by derivatives of the all even-states at





, and dene f
l
(z) = [z(1  z)]

h(z), where  will be chosen judiciously to remove





























h(z) = 0: (28)













































Usually one of these solutions has an unacceptable singularity near z  0, and the other






) both solutions are
10
normalizable, and necessary to generate a complete set of eigenfunctions. We would also
like to emphasize that for the  ! 0 limit, there is a smooth and continuous transition to
one dimensional harmonic oscillator solutions (even and odd). The general solutions of eq.












































































































, one gets interesting shape invariant potentials with two shifted sets of equally spaced
eigenvalues. These potentials are similar to the ones discussed by Calogero[8]. The main







and (b) there is an additional -function singularity at the origin (in the
multi-particle case this is a two-body contact interaction). For multi-particle systems that
interact via two-body potentials of the above type, the spectrum includes the entire set
eigenvalues of the Calogero potential as well as another set of equally spaced eigenvalues
which are slightly shifted from Calogero set.








, thus giving three
shifted sets of equally spaced eigenvalues? This does not seem to be the case. Not only






, but the shape invariance
condition equations analogous to eq. (8) are not easily solvable. Other choices for the




) are currently being investigated.
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Figure Captions






; ) given by eq. (13) for the value  = 0:1 and for two








= 1:7 . The potentials
correspond to the superpotentials of Fig. 1. The eigenvalue spectrum, consisting of two
shifted sets of equally spaced energy levels, is given by eq. (16) and corresponds to the limit
! 0.







in the shape invariance condition. The variation of a
n
versus n is shown by the symbol



















and the results are shown by the symbol o. The numerical choices for this gure are
a
0
= 0:8;  = 0:1; q = 0:9; C = 0:5 .




; ) given by eq. (11). The curves are drawn for a










Figure 4: The low lying eigenfunctions given by eq. (15) corresponding to the potentials
of Fig. 1.























)=2 xed.  is the coecient of the
singular term in eq. (10). 2! is the equal energy spacing in the two sets of energy levels.
The two sets are displaced by energy !
0
. Regions shown by dashed lines correspond to
singular but normalizable wave functions.
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